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THE ISOPERIMETRIC INEQUALITY ON 
ASYMPTOTICALLY FLAT MANIFOLDS WITH 
NONNEGATIVE SCALAR CURVATURE 

YUGUANG Sfflt 


Abstract. In this note, we consider the isoperimetric inequality on an 
asymptotically flat manifold with nonnegative scalar curvature, and im¬ 
prove it by using Hawking mass. We also obtain a rigidity result when 
equality holds for the classical isoperimetric inequality on an asymptoti¬ 
cally flat manifold with nonnegative scalar curvature. 


1. INTRODUCTION 

The isoperimetric inequality and isoperimetric surfaces have a very long 
history and many important applications in mathematics, see e.g. m. m 
Huisken has observed that ADM mass of an asymptotically flat manifold 
(see Definition 11.11 below) appears in the expansion of isoperimetric ratio 
when the volume is large enough, see [9] and [6] (for the case of coordinates 
sphere, see 0)- Inspired by these facts, it is natural to ask if there is any 
relationship between the isoperimetric inequality and quasi-local mass for any 
fixed enclosed volume. In this short note, we are able to use the Hawking 
mass to improve the isoperimetric inequality in some cases. In order to 
present our result, we need some notions. 

Definition 1.1. A complete and connected three-manifold (M 3 ,g) is said to 
be asymptotically flat (AF) (with one end) if there are a positive constant 
C > 0 and a compact subset K such that M\K is diffeomorphic to Mf\B R ( 0) 
for some R > 0 and in the standard coordinates in M 3 , the metric g satisfies: 

(1) 9ij = $ij + &ij 
with 

(2) | <Jij | + r | d<Jij | + r 2 1 ddatj \ < Cr _1 , 
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where r and d denote the Euclidean distance and standard derivative operator 
on M 3 respectively. The region M \ K is called the end of M. 


An original idea of [2] is to use the weak solution of inverse mean curvature 
(HJ) to estimate the volumes of isoperimetric regions in an asymptotically 
hyperbolic manifold. Inspired by this, we use the same idea to investigate 
the same problem in the case of AF manifolds. More specifically, for any 
x G M, it is proved here that there is a weak solution (G t )t>-oo of (J4]) with 
initial condition {a:} in [8|. One important property for this weak solution 
is that for each t G M, ( G t ) has the least boundary area among all domains 
containing it, i.e. ( G t ) is a minimizing hull in ( M 3 ,g ). Another interesting 
property is that the Hawking mass of K t = dG t which is defined as 


m H (t ) 


(Area(K t )) 2 
(167r)i 


(167T 



is nondecreasing in t; here, H is the mean curvature of K t (x ) = dGt with 
respect to outward unit normal vector. By using this quantity, we are able to 
estimate the area of K t in terms of the volume of Gt, see (fT5l) below; hence, 
we obtain Theorem 11.21 To do that, we need to parametrize t by u, which 
is the volume of Gt, and it turns out that this function t(v) is Lipschitz; for 
details, see Lemma 13.41 below. Let m(y) = mn(t{v)), B[y ) = Area(Kp v f), 
and 


A{v) = inf{'H 2 (d*0) :Oc M is a Borel set with finite perimeter, and 
£ 3 (0) = v}. 

here, TL 2 is 2-dimensional Hausdorff measure for the reduced boundary of O, 
and £ 3 (0) is the Lebesgue measure of O with respect to metric g. 

Then our main result can be stated as follows 

Theorem 1.2. Suppose ( M 3 ,g ) is an asymptotically flat (AF) manifold with 
nonnegative scalar curvature. Fix a point o G M, for every v > 0, there is a 
p > 0 so that for all x G M \ B p ( 0) we have that 


(3) A{v) < (36-7r)3 (1 — (I 671 t) 2 B 2 (t)m(t)) 2 dt 

Where m(v) is defined as above. 

When scalar curvature of M is non-negative, and M satisfies some topo¬ 
logical conditions, we have that m(v ) > 0. We see that in this case A(y) < 
1 2 

(367t) 3U3. Comparing this with the Euclidean case in which m(v) = 0, we 
observe the following heuristic phenomenon: to enclose the same volume, 
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isoperimetric surfaces in a manifold with bigger mass have smaller area. We 
believe such a phenomenon can also be observed in the case of asymptoti¬ 
cally hyperbolic manifolds, and we will discuss this problem in a future paper. 

With these facts in mind, it is natural to ask what happens if there is a u 0 > 0 
1 — 

with A(v o) = (36it)3Vq? Our next theorem gives an answer to this question. 

Theorem 1.3. Suppose ( M 3 ,g) is an asymptotically flat manifold with non¬ 
negative scalar curvature. Then there is a v 0 > 0 with 

A(v 0 ) = (367t)^u 0 3 

if and only if ( M 3 ,g ) is isometric to R 3 . 

Inequality (ITS]) below is crucial in the proof of Theorem 11.21 and Theorem 
11.31 and its equivalent version was first proved in [2] (see Proposition 3 in 
[2j), and the arguments here are quite similar to those in [2j. 

Theorem 11.21 and Theorem 11.31 play important roles in the proof of exis¬ 
tence of isoperimetric regions in a non-flat AF manifold. There are many 
results that focus on large isoperimetric regions in an AF manifold, where 
the asymptotic regime plays an important role, see |5j and references therein. 
However, there are very few results on the existence of isoperimetric regions 
with medium size in an AF manifold. One difficulty is that the minimizing 
sequence of isoperimetric regions may drift off to infinity, while Theorem 11.21 
allows for control over these minimizing sequence in a certain sense and we 
may obtain the existence isoperimetric regions with any given volume. This 
was observed in the very recent paper [3]. 

The outline of the paper is as follows. In Section 2, we introduce some 
notions and basic facts of weak solutions of inverse mean curvature flow from 
[8j; in Section 3, we prove the main results. 

Acknowledgements The author is grateful to Prof. Frank Morgan, Dr. 
Gang Li and Dr. Chao Bao for pointing out some typos and errors in the 
first version of the paper, and also would like to thank referees for many 
useful comments and suggestions which make the paper clearer. Especially, 
the author would like to thank one of referees for pointing out that the 
assumptions of Theorem 11.21 and Theorem 11.31 can be relaxed by considering 
IMCF in the exterior region of M. 

2. Preliminary 

In this section, we introduce some notions and present some facts from 
[8] that will be needed in the proof of Theorem 11.21 and Theorem 11.31 As 
in |8], a classical solution of the inverse mean curvature flow (IMCF) in 
(M 3 , g) is a smooth family of F : N x [0, T] — > M of embedded hypersurfaces 













4 


Yuguang Slii 


N t = F(N , t) satisfying the following evolution equation 


(4) — = H~\ 0 <t<T 

w dt , - - 


where H is the mean curvature of N t at F(x, t) with respect to the outward 
unit normal vector v for any x G N. In generally, the evolution equation 
(14)1 has no classical solution. In order to overcome this difficult, a level set 
approach was established in [8], i.e. these evolving surfaces were given as 
the level-sets of a scalar function u via N t = d{x G M : u(x) < t}, where u 
satisfies the following degenerate elliptic equation in weak sense. 


(5) 


din M (^r) = |Vu|. 


Here the left-hand side describes the mean curvature of level-sets and the 
right-hand side yields the inverse speed. 

By the definition of AF manifolds, for any x G M \ K, we may con¬ 
sider standard coordinates x = (x^x^x 3 ) on M 3 . It was observed in [8j 
that v(x) = CTog |x| is a weak subsolution of ((5]) on M \ K (please see 
the precise definition of weak subsolution of (J5]) on P.365 in j8] ), where 
\x\ = ^(x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 . With this weak subsolution one is able to 
prove the existence of the weak solution of (J5]) on M with any nonempty 
precompact smooth open set Eq as initial condition (See Theorem 3.1 in [8j). 
Let u e be the solution of the following elliptic regularization: 



Here and in the sequel, Fl = {v < L}, for any large L > 0, and f 1l = 
Fl \ E 0 , let W e (x, z ) = u e (x) — ez be a function on f 1l x M, then we have 



or equivalently, the level set = {(x, z) G Hi x 8 : IF e (x, z) = t} is a 
slice of the inverse mean curvature flow in the domain x K. for any t > 0, 
and actually it is the classical solution to fl4J) . We know from Lemma 3.5 in [8j 
that dnj) admits a classical solution. Also, we have the following compactness 
lemma and its proof can be found on P.398 in [8]. 

Lemma 2.1. Let ( M 3 ,g) be an AF manifold, and E 0 be a precompact set 
of M with smooth boundary. Then there are subsequences e t —> 0, L, —» oo, 
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Nl = Np such that 

(7) Nl —> N t — N t x M, locally in C 1 , for almost every t > 0 

where N t = dE t and (E t ) t>0 is the unique weak solution of (EJ) with E 0 as 
the initial condition. 


3. Proof of the main theorems 

In this section, we first establish some lemmas, and then prove our main 
results. Many arguments are from [2], Lemma 13.41 below plays an important 
role in the proof, and meanwhile we note that many quantities involved are 
not smooth along the weak solution of inverse mean curvature flow To 
handle this difficulty, we first calculate the corresponding quantities along 
the solutions to elliptic regularizations with suitable boundary conditions. 
Passing to the limit using Lemma [2.11 we get what we want. 

Let B lt (x) be any geodesic ball with radius /i > 0 and center x in ( M,g ), 
and let Eq = L> /t (x). We consider the following boundary problem 


( 8 ) 


E e u e = div( 

u e = 0, 
u e = L — 2, 


v« £ 


•\/| Vu e | 2 +e 2 


)- v/|Vuf + e 2 = 0, 


in VLl 

on dE 0 
on dF l . 


Using Lemma 12.11 we know there are subsequences e* —> 0, Li —> oo, 


Nl = Np such that 


(9) 


Nl —> N t = N t x M, locally in C 1 , for almost every t > 0 


where N t = dE t and (E t )t >o is the unique weak solution of ([4]) with the initial 
condition Eq = B^(x). For simplicity, as in the proof of Lemma 8.1 in [8], 
for each /i> 0, we may take a suitable transformation on t, so that the weak 
solution ( E t ) for the initial value problem (J4]) is defined on [—T(/r), oo). Here 
T(/z) —* oo as /i approaches to zero, and (-E))-T(/i)<t<oo converges locally in 
C 1 to (G7)-oo<t<oo which is the weak solution of ([4j) with the single point {x} 
as the initial condition. 

Let W e be defined by (ED, and 


V e (t) = Vol({(x, z) G fl L x R : lU e (x, z) < t, \z\ < -)}). 

Note that the level sets of W e form a classical solution to (Hj) . We see that 
V e (t) is a smooth function of t, and further more, we have the following result 
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Lemma 3.1. Let X{\ z \<±}( x i z ) be the characteristic function of the domain 
D = {( x,z ) G LIl x K : \z\ < Then 


dV e 

dt 



H e 1 x { \ z \<i } (x,z)dS > 0. 


Here and in the sequel, H e denotes the mean curvature of in D with respect 
to the unit normal direction L . 


Proof. Using the Co-area formula, we see that 

V e (t)= / X{\ z \<i } (x,z)x{W‘<t}(x,z)dv 

Jo 

r f X{\z\<^}(x,z)X{W^<t}(x,z) 


( 10 ) 


'-oo J{W e =a} \S7W' 

( 4 f X{\z\<\}{x,z) 


dSda 


which implies 


' — oo J{W e =i j} 


dV f 


|VTW 


dSda 


\.. H * X{\ g \<i } (x, z )dS >0. 


in; 


This finishes the proof of the lemma. 


□ 


A direct conclusion of Lemma 13.11 is the following 

Corollary 3.2. Let W € be a classical solution to ^ on D and v = Vol({(x, z) G 
LIl x M : W e (x,z) < t, \z\ < |}). Then t is a smooth function of v and 



Let ( G t ) t> -oo be the weak solution of (0J). We have the following 

Lemma 3.3. For any v > 0 either there is a time t G R with Vol(G t ) = v 
or v is a jump volume for i.e. there exists a time t\ > —oo with 

Vol{G tl )<v<Vol{G+), 
where Gf t is the strictly minimizing hull for G ^. 
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Proof. Let 

t 0 = inf{t E K. : Vol(G t ) > u}, 

and 

To = sup{t E M. : Vol(G t ) < u}. 

Note that to > r 0 . By [8], we know that K t = dG t converges to locally 
in C 1 when t decreases to to and K t converges to K TQ locally in C l when t 
increases to r 0 so that Vol(Gf 0 ) > v > Vol(G TQ ). If to > To, this contradicts 
the definition of t 0 or r 0 . Thus t 0 = r 0 . Thus either v satisfies Vol(G to ) = u 
or Vol(G tQ ) < v < Vol(Gf 0 ). This finishes the proof of Lemma [3731 

□ 


The next lemma is on the relation between t and the volumes of the level 
sets of a weak solution of 03]). 

Lemma 3.4. For any v > 0, let 

t(v ) = inf{r : Vol(G T ) > v}. 

Then t is a Lipschitz function and 

dt 


dv 


<(/ H z )~2 ■ (Area(K t ))-T 


'K t 


where I\ t = dG t 


Proof. For any fixed v > 0, let t l (v ) = f with v = Vol({(x, z) E fir x R : 
W e {x, z) < t\ \z\ < |}). Then by Lemma [2711 we see that f(v) converges 
to tfv). (Here we assume without loss of generality the initial condition B^(x) 
shrinks to {x} as i —* oo.) Next, according to Corollary 13.21 


df 

dv 


= ( 


< 


fN*n{\z\<i} 


H^dS) 


-i 


JNtn{\z\<$} 

Hence, for any V\ > v^, we have 

rv i r 

t\v i) - f (v 2 ) < / ( 


HfdS)i(Area(N; n {M < |}))“S 


H?dS)*(Area(Nin{\z\ < -}))~*dv 


'v2 JN*n{\z\<ft 

According to (5.6) in [5], we see that for any T > — T(p) and all t E 

[~T(p),T] 


'Nin{\z\<i} 


HfdS<C(T), 
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here C(T) is a constant that depends only on T. Using also (5.12) in [8] we 
see that for almost every t > we have 


HfdS 


H 2 dS. 


,N in{\z\<±} 


'N t n{\z\<±} 


Letting i —> oo and using the bounded convergence theorem, we see that 


rvi 


t(v l) - t(v 2 ) < / ( 


( 11 ) 


'v 2 

r v 1 r 


H 2 )^ (Area(N t n {|z| < -})) 2 dv 


H 2 ) 2 • ( Area(K t )) 2 dv. 


J v 2 J Kt 

This finishes the proof of the lemma. 


□ 


Let M ext be the exterior region of (M 3 , g) defined in Lemma 4.1 in [8j. Let 
O C M be a Borcl set with finite perimeter, and Ll ext = fin M ext , here and in 
the sequel M ext is the exterior region of M, for the its definition see Lemma 
4.1, P.392, [8]. Let 


A ext (v) = inf {n 2 (d*Q ext ) : C 3 (tt ext ) = n}. 

Clearly, we have A(v) < A ext (v). In order to prove Theorem 11.21 and 
Theorem 11.31 we need A ext (v ) to be nondecreasing: 

Lemma 3.5. Let (M 3 ,g) be an AF manifold with nonnegative scalar curva¬ 
ture. Let M ext be the exterior region of M, then A ext (v ) is nondecreasing. 

We will use an idea from |lj to prove this lemma: we need to construct a 
compact manifold with compact boundary from M ext . More precisely, note 
that ( M 3 ,g ) is AF, hence we may take a large compact domain fi C M ext 
so that M ext \ LI is diffeomorphic to M 3 \ B_r+ 4 , hence, for simplicity, we just 
assume fi \ K is differmorphic to B/j + 4 \ Mr, here K is the compact domain 
of M which appears in Definition 11.11 On the other hand, we observe that 
the standard sphere with radius | can be expressed as § 2 (A) = (M. 3 ,gs = 

(dx 1 ) 2 +(dx 2 ) 2 +(dx 3 ) 2 n t . 

(l+\- 2 \x \ 2 ) 2 >■ ^ 


{ g, inside B^+s 

19 + (1 - V)9s, on M r+6 \ B fi+5 
g s , outside M R+6 

where g is a smooth function with g = 1 in B ^ + 5 and that vanishes outside 
B^ +6 . Thus ( M ext ,g ) can be regarded as a compact manifold with compact 
boundary. We denote this manifold by ( M,g ). 

We also need the following result from m Lemma 1], 
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Lemma 3.6. [Meeks- Yau] Let i be the infinmum of the injectivity radius of 
points in {x G M\ d(x,SR ) > |}. Let I\ > 0 be the upper bound of the 
curvature of M outside B^. Let Sr be the coordinate sphere with radius 
kf, suppose N is a minimal surface and suppose x E N is a point satisfying 
d(x, Sr) > then 

pr 

(13) \N fl B x {r) | > 2ttK~ 2 / r _1 (sin Kr) 2 dr 

Jo 

where r = min {|. i }. 

Proof of Lemma 1 3 . 51 Assume that A ext {y ) is not nondecreasing. Then there 
are V\ < v 2 with A ext (v[) > A ext {v 2 ). Using result from geometry measure 
theory (p2j), there is a compact domain fi 0 C M with compact boundary 
S 0 and S 0 \ dM ext is smooth, and 

Areal'S 0 ) = inf {Areag(dLl) : fi C M,Volg(Ll) > r^i}. 

Here and in the sequel Areag, and Volg denote area and volume with respect 
to metric g respectively. We claim that Volg(Lto) > v\ provided R and A are 
large enough. Therefore, So \ dM ext is a stable minimal surface in M. In 
fact, suppose V olglPlf) = v\, for any e > 0, we assume there is a compact 
domain D 2 C M with Uo/ 9 (B 2 ) = v 2 and Area g (dH) 2 ) < A ext fv 2 ) + e, and 
without loss of generality, we assume B 2 is contained in LI, then we have 

(14) Areag( S 0 ) < Area s (d B 2 ) = Area g (dID 2 ) < A ext (v 2 ) + e < A ext (vf), 

which implies Ho cannot be contained in H completely. 

If H 0 is contained the domain outside B^ +6 , then by the solution of isoperi- 
metric problem on the standard sphere, we see that when R and A become 
large enough, the diameter of H 0 in M is uniform bounded independently 
of R and A. However, for any fixed R, taking A large enough, we see that 
the metric g restricted on Ho is almost Euclidean. Then, by a translation 
in M 3 , we may End a domain Hi which is contained in B^ \ Mr C H and 
isometric to Ho in M 3 . Hence, the volume of Hi and area of the boundary of 
Hi are very close to those of fi 0 with respect to metric g provided R and A 
is large enough. By a small perturbation on Hi if necessary, we may assume 
Volg{Lli) = VolgiLhf), and A ext (v i) < Areag(dLli) < Areag(M 0 ) + e, which is 
contradiction to (fTTD . provided that e > 0 is sufficiently small. 

For the remaining case, by the co-area formula, we see that we may ford a 
coordinate sphere S p with Areag(S p fl fi 0 ) < e, and R + 6 < p < 2 R. By the 
solution of the classical isoperimetric problem on the standard sphere, we may 
assume the diameter of the part of fi 0 which outside B p has uniform bounded 
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independently of R and p. Therefore, by the same reasoning as above, we 
may translate the part of which outside M p into B_r\B.r completely and get 
a new domain denoted by ^2 which may have several connected components 
and contained in M R . Note that g is asymptotically flat. We see that the 
volume of ^2 and area of the boundary of ^2 with respect to g are very close 
to these of Oo. By a perturbation of O 2 if necessary, we get a domain in 
which is still denoted by with Volg{yt 2 ) = Vol g {Pt 2 ) = 'Ll- We again 
get A ext (vf) < Areag(dQ 2 ) < Areag(£ 0 ) + 2e, which is contradiction to (HU), 
provided e > 0 is small enough. Therefore, Volg(Q 0 ) > Vi, and hence, as we 
claimed before, £ 0 \ dM ext is a stable minimal surface in M. 

Finally, we want to prove the minimal surface £ 0 is contained in B# +1 when 
R is large enough. In particular, it is in hi. Actually, for any x G E 0 \ ®i?+i, 
note that ( M,g ) is AF. Thus, we may assume that 1 > ^ and K < CR~ 3 
outside ®K + i. By (fl3|) . we have that 


Area§(S 0 ) > CR 2 


where C is a constant independent of R. However, by (1141) . we see that this 
is a contradiction when R is sufficiently large. Thus, So \ dM ext is contained 
in Without loss of generality, we may assume that M ext is foliated by 
spheres of positive mean curvature. It follows there are no minimal surfaces 
contained in M ext . This finishes proof of the lemma. 


□ 


Now, we can prove Theorem 11.21 and Theorem 11.31 

Proof of Theorem \l.S\ and Theorem M.A For any v > 0, we may choose a 
sufficiently large p = p(v), for any x G M \ B p ( 0) C M ext and consider the 
IMCF ((4j) with initial condition {x}. By choosing p > 0 sufficiently large 
if necessary, we may assume there is a Gt which is a domain in the weak 
solution of © with initial condition {x}, satisfying Vol(G t ) > v, and G t is 
contained in the interior part of M ext . By a direct computation and Lemma 
13.41 , we see that 



By the definition of the Hawking mass of K t f v \, we see that 



In conjunction with previous inequality, we obtain (see also Proposition 3 in 


0 )- 
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(15) B{v) < ( 367 t )3 (J (1 — ( 167 r) 2 i? 2 (t)m(t)) 2 dt 

If v is not a jump volume, then there is a G t with Vol(G t ) = v so that in 
this case we have 

A(v) < Mxt( v ) < Area{K t ) = B(v) 

< ( 367 t )3 (1 — (167t) 2 B~ 2 (t)m(t)) 2 dt 

If v is a jump volume, then there is a G r with v\ = Vol(G r ) < v < 
Vol(G x ) = v 2 . Hence t(v) = r and thus B{y) = B(vi), 




M v ) < A ext {v) < A ext (v 2 ) < Area(K+) = Area(K T ) = B(v i) = B(v). 

Here we have used Lemma 13.51 in the first inequality. This finishes proof of 
Theorem 11.21 

Suppose there is a v 0 > 0 with H(n 0 ) = ( 3671 ) 3 ^. We claim that in 
this case n 0 is not a jump volume. Suppose not, then we may find iq, v 2 
with V\ < v 0 < v 2 , and Vol(G tl ) = V\ and Vol(Gf) = v 2 . Since A ext (v) is 
nondecreasing , we see that A ext (v 1 ) < A ext {v 0 ) < A ext (v 2 ). However, 

A ext {y 1 ) < Area(I< tl ) < ( 367 r)^nf, 

A(v 0 ) = (36tt)w!, 


A ext (v 2 ) < Area(K^) = Area(K tl ). 

Combine these inequalities, we see that v 0 < v l7 which is a contradiction. 
Thus Vo is not a jump volume. 

Suppose there is non-flat point x G M \ B p { 0). We consider the weak 
solution of (J3J) with initial condition {a:}. By Lemma 8.1 in [ 8 ], m(v) > 0, 
for v > 0 , together with (fT5lh we that there is t > —00 with Vol(G t ) = wo- 
Thus, 


^4(^o) < B(v 0 ) < ( 367 r) 3 v 0 3 , 

which is a contradiction. Thus M \ B p ( 0) is flat. It follows that the ADM 
mass of (M, g ) is zero so that (M, g) is flay by the positive mass theorem 
proved in HU, we see ( M,g ) = M 3 . This finishes proof of Theorem 11.31 


□ 
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